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Abstract-The knowledge of the local blood flow and shear stress patterns in the regions 
of vascular bifurcations is of considerable importance in the study of atherogenesis. 
The aim of this paper is to present the local flow patterns and shear stress fields at the 
arterial walls near the apex of a bifurcation. Unsteady flow of blood in two-dimensional 
bifurcation with symmetrical flow divider at different Reynolds numbers is discussed. 
Expressions are derived for (I) velocity and pressure. (2) shear stresses at the inner 
and outer walls of bifurcation. and (3) the blockage effect at the apex of the bifurcation 
in case of unsteady flow. The calculations reduce to those of Zamir and Roach for the 
steady case [J. Thror. Biol. 42, 33 (1972)]. Although no definite medical conclusions 
can be drawn from this simulation because of the simplicity of the model, the hemo- 
dynamic parameters obtained here give an account of small fluctuations inevitable in 
any real situation. A term responsible for reverse flow fluctuations in the main stream 
near the walls of the bifurcation is identified. These fluctuations are greater at the apex 
of the bifurcation than anywhere else. A region of sluggish or back flow develops near 
the outer wall at the fork section. Flow is also seen to be constantly disturbed by the 
comparatively high secondary flow in that region. This observation is favorable for an 
early transition to turbulent flow near the fork section [H. Schlichting, Bo~rn&7~ Layer 
Theory. McGraw-Hill, New York (196811. 
1. INTRODUCTION 
In the real human system, arterial and ventral networks have complex three-dimensional 
distensible tubes which are neither uniform in cross section nor have sharp corners. Angles 
of bifurcation in the branched arteries vary too much. Arterial junction geometries are 
not fixed because the elastic walls yield to the unsteady pressure pulses of the flowing 
blood. Moreover, blood is not in fact a Newtonian fluid, but a viscoelastic suspension of 
R.B.C., W.B.C. and other blood cells. For mathematical convenience, a two-dimensional 
bifurcation model (see Fig. 1) is selected to provide analysis for unsteady flow of blood 
in branched arteries. This model is similar to one used by Zamir and Roach[l] for the 
steady case. Blood is considered to be Newtonian, incompressible, homogeneous and 
viscous fluid flowing in a nonconducting parallel plate channel in such a way that flow is 
from trunk to the branches. The rate of mass flow at any cross section perpendicular to 
the direction of flow is m = 26pv, where 7 is the mean velocity of flow, b is the branch 
diameter and p is blood density. To simplify, the angle of bifurcation is taken to be zero 
so that a parallel stream is divided into two streams. Thickness of the bifurcating wall is 
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considered to be negligibly small in order to have the rate of mass flow at any cross section _ c 
of branched channel as m/2. Since the breadth of the channel under consideration (which 
is parallel to large artery) is much larger than 1 mm, the viscosity of blood can be treated 
as constant throughout this analysis. We thus ignore Fahreus-Lindquist effect. 
2. BASIC EQUATIONS 
In the present problem, shown in Fig. 1, the unsteady flow is in the direction of x”, 
i.e. from trunk to branches. The rate of mass flow at any cross section perpendicular to 
.P is m. If we take U* and ;I* as velocity components at any point in the flow field at time 
t*. the two-dimensional boundary layer equations governing the flow are 
(2.1) 
(2.2) 
For convenience, we define the folowing nondimensional quantities: 
* 
=’ = $-g) ’ 
* 
,y = -1 
11* dp*ldr 
b ’ 11=(m/7bp)’ h(-r’ t, = (,,m/2pb3) ’ (2.3) 
R=z 
,* 4 t* 
2rl ’ 
y=--, 
b ’ = (b’pln) ’ 
By substituting these above defined parameters into the flow equations, we get the di- 
mensionless equations in the form 
:+a,=,. 
a 
Y” 
Bifurcation outer wall 
(Trunk) 
jrn 
Apex of bifurcation 
(2.4, 
(2.5) 
Bifurcation outer wall 
Fig. I. Unsteady flow of blood through a bifurcation. 
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We set. on the lines of Lighthill[Z]. 
ll(X, y, t) = I1J.K. _V) -?- EI/,(_K, _Y)rinf, (2.6) 
i’(.K. I’. t) = S’lj(.‘c. y) + ET’, (.r, y)ei”‘, (2.7) 
h(s, t) = ho(s) -i ~h,(_r)e’“‘, (3.8) 
where the perturbation parameter E is very small so that we can assume its square and 
higher powers to be negligible and n is the pulse rate. Substituting (2.6). (2.7) and (2.8) 
into (2.4) and (2.5), we get on comparing the coefficients of zero and first powers of E on 
both sides 
au, 
110 - + III 
a110 alf, 
a.r 
x + 1’1 
allo 
x + ilo x = 
i 
ah aib --+__=o 
a.r ay ’ 
all, 
;+$!=o. 
Initial and boundary conditions are as follows: 
Initially, at t = 0, 
11 = 110 + Eli, , I’ = 7’0 + Ei’l ) 
E being the perturbation parameter. 
Boundary conditions are 
&, f, t) = zl(,r, y, t) = 0, sty = -+I 
h = ho + 
.K < 0 (trunk) 
(2.9) 
(2.10) 
(2.11) 
(2.12) 
(2.13) 
(2.14) 
2 0 (branches). 
Further we assume that the flow far away from either side of the apex of bifurcation 
becomes fully developed Poiseuille flow, so that 
If + f (I - v’)( 1 + E cos nt), ass- --x, 
i” 0. asx--, -=, (2.15) 
h + RE sin nr - 3(1 + E cos nt), as-r+ --x, 
and as .K--, +“, 
II --$ 6(y - y’)(l + E cos nt), for 4’ > 0, 
u--, -6(4’ + $)(l + E cos nt), for y < 0, 
L” 0, h + rze sin nt - 12(1 + E cos nt). 
ll(.K, J’, t) dy = 1. 
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3. SOLUTION 
Momentum and moment of momentum integral method is more important in the present 
analysis. As the pressure gradient parameter is unknown. it is appropriate to analyze the 
solution based on integral form of the boundary layer equations. Further. since the flow 
is symmetrical. it is enough to restrict to one of the branches. From Eqs. (2.11) and (2.12), 
we get 
ttO = - I .” % dy, 0 ax 
i’, = - 
(3.1) 
(3.2) 
where y is any point between 0 and one. From Eqs. (2.9) to (2.10) and (3.1) to (3.2), we 
get 
and 
(3.4) 
Equations (3.3) and (3.4) govern momentum in the x direction. The additional two equa- 
tions can be obtained by multiplying the Eqs. (3.3) and (3.4) throughout by y to get re- 
spectively 
(3.5) 
h, yinli I v a'rl, 
+5+ 
- = 2 -) . 
R R ay- 
(3.6) 
Integrating (3.3), (3.4), (3.4) and (3.6) from y = 0 to y = 1, for one of the branched 
channels, we get 
(3.7) 
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which are the final momentum and moment of momentum integral equations to be solved. 
Zince the integral equations (3.7) to (3.10) contain four unknowns !I,,, II,, ~1~ and ifI 
of which ho, hl are functions of .r only, and ilo and II, are function of both .r and _v, it is 
better to choose 
110 = fo + yf, (.r) + “‘f&r) + y3g(x). (3.11) 
IfI = Fo + yF,(.r) + ?.2F2(.r) + y3G(.\-). (3.12) 
where fo, f,, fz, Fo, FI, F2 and g and G are arbitrary functions of .r. The boundary 
conditions give 
fo = 0, f, = 6 + $g, 
(3.13) 
Fo = 0, F, = 6 + $ G, 
Thus the assumed polynomial solutions in terms of unknowns g(x) and G(x) become 
[lo = 6(1’ - y2) + 
II = 6(~ - y’) + 
Substituting (3.14) to (3.15) in momentum integral equations, we get 
gg’ t y (ho + 12) = 0. 
(3.1-t) 
(3. IS) 
(3.16) 
gg’ - 3g’ + y (ho + 12 - g) = 0. 
gG’ - g’G + 7 (hl + in + 12) = 0. 
(3.17) 
(3.18) 
(gG’ + g’G) - 3(g’ + G') + y h, + 12 +- in - G (1 + -$)) = 0, (3.19) 
where the dash means differentiation with respect to its argument. Eliminating ho from 
(3.16) and (3.17) and h, from (3.18) and (3.19), we get 
140 
g’ R +--,o=i) 7 (3.10) 
118 
Solutions of (3.20) give 
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o = gee- I-lO.rlR, G = e- Go I i60g (1 _ e7iW3R) . 1 (3.21) 0 n 
Thus we calculate 
11 I = 6ty _ ?') + 
( 
@‘$ (1 _ e7iirr.r'3R) 
) 
, 
7’1 
= ~~3 _ 1~3 + \.2),-7(in-601~/3R 
with 
140 
g’ = - - gee - I‘IO.r/R 
G’ = _,-7(in+60).r’3R [ 7(i’zjTR 60) {Go +‘OfO (1 _ e7i.'.r13R~} 14F e7itxi3R] , 
h, = gee- 7(in + l201.r/3R [ ($ + 3) {Go + F (1 _ ,7i~~-~f3R)} 
ho = i gie 
_ 
I 
- j goe7iTd3R 
I 
2XOrIR 
- II!, (3.13) 
- (i + 13). (3.14) 
Using the expression for /lo, [I~, I’~. zll, ho and h,, we calculate the values of velocity 
components M, 11 and pressure gradient parameter h as follows: 
11 = 6(y - v’)( 1 + E cos nt) + 
( 
y3 - - $ + $ 
) 
e-‘-lor’R 
X [go + E {COS (n (i - $)) i,Go i T sing) 
- sin(ni -E) x ?(I - cos$f)}], (3.25) 
1, = ; (y4 _ zy3 + y2)e - 140-r/R [go + e {cos n(r - $)} 
{Go-go( 1 - :sin$) - sinn (I - $j) .? (1 - cos$) + $}I, 
h = f g; e-280.r/‘? [I + t{cosn(r -$)-(2ff- 1 + TsinE) (3.26) 
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-sinn(I--&),(z+F(i-cosg))}] 
- 13(1 + E cos nt) + f7e sin nt. (3.27) 
The expressions for the nondimensional shear stress parameters -i. and yI at the inner and 
outer walls of bifurcation are obtained as under 
= A + 6(1 + E cos nt), Ti = 
(3.25) 
= A - 6(1 + E cos nt). 
where 
A = go + E (cos,r (i - $) {Go + Tsin$} 
- sin (Irr - $) x {F (I - cosg)}) . 
The results are reduced to the time-independent case for perturbation parameter E to be 
of negligible small magnitude as were obtained by Zamir and Roach[l]. Moreover these 
expressions are consistent with the x boundary condition which requires that as I -+ x. 
the flow becomes fully developed Poiseuille flow. 
4. RESULTS AND DISCUSSION 
The mathematical expressions obtained in above equations for dimensionless velocity 
components, pressure gradient and shear stress parameters at the inner and outer walls 
of bifurcation are dependent on the values of go and G o, i.e. the flo\v conditions at the 
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Fig. 2. Axial velocity profiles at the cross section (5 x IO-’ = 8) of a bifurcation branch and for fixed values of 
dimensionless time (r) and go. 
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Fig. 3. Velocity profiles of u at the cross section (5 x ld = 8) of a bifurcation branch for different values of 
go for fixed value of dimensionless time r = 0.05. 
bifurcation apex. However, the results obtained here would be hypothetical in the present 
context, since in a real flow situation, the solid boundary and its bifurcating wall cannot 
have “zero thickness” as is assumed to be the case for that plate. In a real arterial 
bifurcation, the values of go and Go will assume a high volume-value depending upon the 
angle of bifurcation and the thickness of the bifurcating apex. If we assume the pressure 
gradient at the fork section same as that in distant part of the trunk (i.e. .r -+ -x), then 
by using the boundary conditions and the relation between h and go, and by comparing 
the constants and coefficients of E, we find 
g, = 3V’3, Go = 
(9 + (1/3)gZ) cos nt 
((2/3)go cos nt - (ngo/160) sin nt) ’ 
(4.1) 
respectively. Similarly, if we assume the pressure gradient at the fork section the same 
as that in the distant part of branches (i.e. I --, +=) and then using the expression for 
llo, uo, 11~ and uI, we get 
go = G = 0. (4.2) 
However, in view of the expected values of shear stress and pressure gradient param- 
eters near the fork section, neither of these is a likely value of go and Go, though it may 
be concluded from these values that go and the corresponding value of Go in general will 
be much higher, since bifurcations in the real human system are much more complicated. 
Thus we have computed hemodynamic factors with E = 0.1 for different values of go, 
dimensionless time t and the corresponding value of Go. In order to generalize this analysis 
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Fig. -+. Secondary flow (:f) at different cross sections of a bifurcation branch for fixed values of dimensionless 
time (0 and go. 
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Fig. i. Axial velocity profiles at the cross section (5 x Id = 8) of a bifurcation branch for different values Of 
dimensionless time (r) for g,) = 100. 
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Fig. 6. Secondary flow (11) at the cross section (5 x IO3 = 3) of a bifurcation branch for different values of 
dimensionless time ([) for go = 100. 
DlMENSlONLESS TIME (t 1 
Fig. 7. Axial velocity component ((1) with respect to time (rl at distances J = 0.3 and y = 0.8 for fixed cross 
section (5 x IO3 = 8) of a bifurcation branch for fixed value 00 = 100. 
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Fig. 8. Secondary flow (;) with respect to time (r) at distance ?’ = 0.5 for ti\ed cross sxtion (5 S lo-’ = 81 of 
a bifurcation branch for e,, = 100. 
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Fig. 9. Nondimensional shear stress parameters :” 
Id = 8) of a bifurcation branch for go = 100. 
and 7, vs dimensionless rime (I) at lived cross section CC x 
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Fig. IO. Nondimensional pressure gradient parameter (h) vs dimensionless time (I) at fixed cross section (5 x 
IO- = 8) of a bifurcation branch at different values of go. 
for any Reynolds number, we define a new parameter 5 = s/R and present all the results 
in terms of 5 rather than X. For the same reason, the secondary velocity component (v) 
is also presented in terms of (V x R) and 5 throughout this analysis rather than L’ and A-. 
The axial velocity profiles at different cross sections of a bifurcation branch for go = 
100 and f = 0.05 are shown in Fig. 2. It may be observed that for 5 x 10’ < IS. a region 
of reverse flow develops near the outer wall, and that this region grows with increase in 
PO = 100 
Go.* ” ’ * ” ” * 
s IO 20 30 40 so 
PARAMETER ( 6 x103 1 
0. = 100 
AMETER ([x103) 
, I I I I I I 
5 30 40 50 
Fig. I I. Nondimensional shear stress parameters TO and TI at different cross sections of a bifurcation branch for 
different values of dimensionless time (1) for g,, = 100. 
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Fig. 12. Variation of pressure gradient parameter (11) in a bifurcation branch for different values of dimensionless 
time (t) and for go = 100. 
Fig. 13. Variation of pressure gradient parameter in a bifurcation branch with respect to I( x Id) and dimen- 
sionless time (t) for different values of go. 
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the value of the parameter (.$ x IO’). Velocity profiles of II are also presented in Fig. 3 
at the fixed cross section (i.e. 5 x Id = 8) of a bifurcation branch for some value of 
dimensionless time (t) and for different values of g,,, i.e. for different types of bifurcation. 
It is observed that region of reverse flow develops near the outwall for g, > 32 while 
Zamir and Roach[l] observed this for go > 17 at the fork section in steady flow. The 
development in the .Y direction of the secondary velocity profile is shown in Fig. it for go 
= 100. t = 0.03. Each one of these profiles has a maximum at x = 0.5 and the magnitude 
of this maximum is highest at the fork section. The primary and the secondary velocity 
profiles (II and I)) for different values oft are shown in Figs. 5 and 6. The periodic variations 
with respect to time in u and 11 are shown in Figs. 7 and 8, and those in the shear stress 
parameters T() and ;l and the pressure gradient parameter II are shown in Figs. 9 and 10. 
In Fig. 11 are shown the variations in 5. and TV with (5 x 10’) and in Fig. 12, the variation 
in 11 with (5 x IO’). Finally, Fig. I3 shows the variation in It with (5 x 10’) and t for 
different values of go. 
Blockage effect at the apex of bifurcation is caused by the development of boundary 
layers on the inner walls and a region of high shear near the apex. The magnitude of the 
blockage effect can be calculated from the pressure gradient at the fork section. It is given 
by 
.‘i* = 0 
1 
+E $ g,Go - cos tit + 12 sin nt( I - - (5.1) 
J 
The effect is stronger when the branches are narrow and the flow rate is high. 
The present model suggests that formation of aneurysms in arteries may be correlated 
with the decrease in shear or even to a zone of slow or back flow in this region. The 
mathematical simulation presented here may therefore be of interest to medical experts 
in examining the causes of various arterial diseases. 
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